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MATHEMATICS 
A PROBLEM IN HILBERT SPACE 
BY 
J. H. VAN LINT AND K. A. POST 
(Communicated by Prof. N. G. DE BRUIJN at the meeting of May 28, 1960) 
1. Introduction 
N. G. DE BRUIJN 1) proved that if f{Jz, rp3, ... is a complete orthonormal 
sequence in Hilbert space and rp1 is arbitrary, there exists an orthonormal 
sequence 'ljJI, '1fJ2, 'ljJa, . . . such that 
(1.1) (n -'J> oo). 
He posed the following question: 
Can an orthonormal approximating sequence '1fJ1, 1fJ2, • • • be found such 
that \\rpn-"Pn\\2 tends to 0 more rapidly than in (LIP 
We shall prove the following theorem: 
Theorem 1. If f{Jz, rp3, •.• is a complete orthonormal sequence in 
Hilbert space and rp1 is arbitrary then there exists an orthonormal sequence 
"PI. '1fJ2, . . . such that 
(1.2) \\rpn-'ljJn\\2 = O(f(n)) (n -'J> oo) 
00 
if and only if I f(n) is divergent. 
n~l 
2. Necessary condition 
As rp2, rpa, ... IS a complete orthonormal sequence we have 
a12 a1a .. . 
a22 a2a .. . 
rp2 
rpa 
Now \\rpn-'ljJn\\2=2-2 Re (rpn, '1jJn)=2(1-Re ann). 
As ('1fJn,'1fJn)=l we have lannl 2 <1. Write ann=l-Xn-iYn· 
Then Xn2 + Yn2 < 2xn. 
00 00 
Now suppose I\\rpn-'ljJn\\2 = I 2xn is convergent. Then 
2 2 
00 00 00 
I {l-lannl2}= I (2xn-Xn2 -yn2)= I Sn 
2 2 2 
is also convergent. 
1 ) Asymptotically orthonormal sequences in Hilbert space, to appear in Ann. 
Univ. Sci. Budapest. Eotvos. Sect. Math. 
410 
Consider the double series 
la12l 2+ la1al 2+ lal41 2 + ··· 
0 +la2al 2+la24l 2+··· 
laa2l 2 + 0 + laa41 2 + · · · 
Summing by rows we see that the double series is absolutely convergent 
00 00 
with sum 1+ L,Sk. On the other hand L, laktl<1-laui2=St(l=2, 3, ... ) 
k~2 k~l 
k*! 
by Bessel's inequality. Hence summing by columns we find a smaller 
sum which is a contradiction. 
Hence L'\\1Pn-1J!n\12 cannot be convergent. 
3. Sufficient condition 
00 
Now let L,f(n) be any divergent series of non-negative terms. Define 
1 
g(n)=min {1, f(n)} and 8n=1-!g(n) and Cn=(1-8n2)i. Let A be the 
matrix 
C2 -82C3 8383C4 -828384C5 82838485C6 
82 C2C3 -C283C4 C38384C5 - C2838485C6 
0 8a C3C4 Ca84C5 Ca8485C6 
0 0 84 C4C5 C485C6 
0 0 0 85 CsC6 
0 0 0 0 86 
This matrix arises as the infinite product A 2A 3A 4 • • • of the orthogonal 
matrices 
C2 -82 0 0 0 
82 c2 0 0 0 
0 0 1 0 0 
A2= 0 0 0 1 0 
0 0 0 0 1 
411 
(Ak is the matrix belonging to a transformation which leaves all unit 
ve.ctors invariant except the (k- l)- th and the k- th: in the space 
spanned by these two, Ak produces a rotation over an angle whose cosine 
equals ck). 
Define 
Then 
as 
co 
(7pz,1pz)=l-cz2 II Bt2 =l 
i~l+l 
co co 
II st2 = II (l-ig(i))2 =o 
i~l i~l 
because .Eg(n) is divergent, and in the same way (7p1, '/j)k)=O if l#k. 
Hence 1p1, 7p2 • • • is an orthonormal sequence. 
Now \\tpn-'ljJn\\2=2(1-sn)=g(n)<f(n) which proves the theorem. 
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